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In the study of spherical degenerate stars such as neutron stars, general relativistic effects are
incorporated by using Tolman-Oppenheimer-Volkoff equations to describe their interior spacetime.
However, the equation of states employed in such studies are invariably computed in flat spacetime.
We show that the equation of states computed in the curved spacetime of these stars depend ex-
plicitly on the metric function. Further, we show that ignoring such metric-dependent gravitational
time dilation effect leads one to grossly underestimate the mass limits of these compact stars. In
turns, it provides a natural way to alleviate the so-called hyperon puzzle of the neutron stars.
PACS numbers: 26.60.Kp, 21.65.Mn
I. INTRODUCTION
The observation of gravitational waves, accompanied
by electromagnetic counterparts [1, 2], has opened up
an unprecedented window to probe several uncharted as-
pects of matter field dynamics in a strong gravity regime.
These observed gravitational waves are thought to have
originated from the merger of neutron stars which are
supported by fermionic degeneracy pressure. The gen-
eral relativity plays a key role for these stars due to their
compact size and significant mass. In order to incorpo-
rate the effects of general relativity in their mass-radius
relations, one usually employs the Tolman-Oppenheimer-
Volkoff (TOV) equations to describe the interior space-
time. However, the equation of states (EOS) used in such
studies, are invariably computed using the flat spacetime
(see [3–5] for recent reviews).
The usage of flat metric locally can be justified while
computing the EOS at a given radial location within a
star. However, two such locally inertial frames located
at two different radial locations are not identical as their
clock speeds differ due to the gravitational time dilation.
Therefore, an EOS computed in the flat spacetime (flat
EOS) cannot capture the effects of strong gravity on the
matter field dynamics within these stars. In turns, it
necessitates a first principle derivation of the EOS using
the curved spacetime (curved EOS) of these stars.
II. FERMIONS IN CURVED SPACETIME
In order to keep the analysis simple yet fairly general,
here we consider the non-interacting MIT Bag model [6]
to describe the degenerate matter within a star. Inside
the bag region and ignoring the boundary terms, the mat-
ter field action in a curved spacetime with the metric
gµν can be expressed as SBag = SQCD −
∫
d4x
√−gB
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where B is the Bag constant. By relying on the asymp-
totic freedom, the QCD action is further approximated
as SQCD =
∑
I SψI where the index I runs over differ-
ent types of 4-component Dirac spinor field ψI . We may
emphasize here that by setting B = 0 and choosing the
spinor field ψI to represent either the electrons or the
neutrons, the analysis here would directly describe the
degenerate matter within an ideal white dwarf or a neu-
tron star respectively.
In Fock-Weyl formulation, the action for the Ith spinor
in the curved spacetime can be expressed as
SψI = −
∫
d4x
√−g ψ¯I [iγaeµaDµ +mI ]ψI , (1)
where ψ¯I = ψ
†
Iγ
0 and mI is its mass. The tetrad compo-
nents eµa which relate the global frame and the locally
inertial frame, can be expressed as gµνe
µ
ae
ν
b = ηab with
ηab = diag(−1, 1, 1, 1) being the Minkowski metric. We
use Greek letters to denote the indices of global coordi-
nates whereas Latin letters are used for locally inertial
coordinates. The Dirac matrices γa in the locally iner-
tial frame satisfy {γa, γb} = −2ηabI. The minus sign
in front of ηab is chosen here so that for given metric
signature, the Dirac matrices satisfy the usual relations
(γ0)2 = I and (γk)2 = −I where k = 1, 2, 3. The covari-
ant derivative of spinor field is DµψI ≡ (∂µ + Γµ)ψI with
Γµ =
1
8ωµab[γ
a, γb] and ωµab = ηaceν
c
[
∂µe
ν
b + Γ
ν
µσe
σ
b
]
,
where Γµαβ is the Christoffel connection. The correspond-
ing conservation equation is DµjµI = 0 where 4-current
density is jµI = ψ¯Iγ
aeµaψI .
A. Spacetime within spherical stars
Using natural units, c = ~ = 1, the invariant line ele-
ment within a spherical star can be written as
ds2 = −e2Φ(r)dt2 + e2ν(r)dr2 + r2(dθ2 + sin2 θdφ2) . (2)
The metric functions Φ(r) and ν(r) are determined by
solving the Einstein equations, also referred to as the
TOV equations. In particular, these equations lead to
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2e−2ν(r) = (1− 2GM/r) and
dΦ
dr
=
G(M+ 4pir3P )
r(r − 2GM) ,
dP
dr
= −(ρ+ P )dΦ
dr
, (3)
where dM = 4pir2ρdr. Inside the star, the pressure P
and the energy density ρ both vary radially. On the other
hand, at thermodynamic equilibrium, the quantities such
as the pressure, the energy density are uniform within the
system. In order to combine these two aspects together,
one considers a sufficiently small spatial region, contain-
ing sufficient degrees of freedom, around a given point
within the star where local thermodynamic equilibrium
holds.
For definiteness, let us a consider a small box whose
center is located at a radial coordinate r0. One may
expand the metric functions Φ(r) and ν(r) around the
point r0 and keep only the leading terms. Further, given
the spherical symmetry, we may rotate the coordinate
system such that the polar axis, θ = 0, passes through the
center of the box. Then for all points within the box, the
angle θ can be taken to be small. By using a new set of
coordinates X = eν(r0)r sin θ¯ cosφ, Y = eν(r0)r sin θ¯ sinφ,
and Z = eν(r0)r cos θ¯ along with θ¯ = e−ν(r0)θ, the metric
within the box can be reduced to
ds2 = −e2Φ(r0)dt2 + dX2 + dY 2 + dZ2 . (4)
By using the diagonal ansatz, the corresponding tetrad
and inverse tetrad can be expressed as
eµ
a = diag(eΦ, 1, 1, 1) , eµa = diag(e
−Φ, 1, 1, 1) , (5)
where Φ ≡ Φ(r0). Clearly, in the (t,X, Y, Z) coordinates
both Γµαβ and ωµab vanish and the spin-covariant deriva-
tive becomes Dµ = ∂µ within the box. The action (1) for
the spinor ψI then reduces to
SψI = −
∫
d4x ψ¯I
[
iγ0∂0 + e
Φ
(
iγk∂k +mI
)]
ψI , (6)
where k runs over 1, 2, 3. The corresponding conserved
charge then becomes QI =
∫
d3x
√−gj0I =
∫
d3xψ¯Iγ
0ψI .
B. Partition function
In order to compute the EOS, here we employ the tools
of thermal quantum field theory [7, 8] as pioneered by
Matsubara. The partition function corresponding to the
MIT Bag model that represents the spinor degrees of
freedom within the box is given by
lnZBag =
∑
I
lnZψI − eΦβV B , (7)
where β = 1/kBT with T and kB being the temperature
and the Boltzmann constant respectively. Here V de-
notes the spatial volume of the box. The partition func-
tion for the Ith spinor is ZψI =
∫ Dψ¯IDψIe−SβψI where
its Euclideanized action is
SβψI =
∫ β
0
dτ
∫
d3x
[LEψI + µI ψ¯I(τ,x)γ0ψI(τ,x)] ,
(8)
with µI being its chemical potential. The Euclideanized
Lagrangian density LEψI which is obtained through the
substitution t→ iτ from its standard counterpart, is
LEψI = −ψ¯I(τ,x)[γ0∂τ + eΦ
(
iγk∂k +m
)
]ψI(τ,x) . (9)
The anti-periodic boundary condition which carries the
information about the equilibrium temperature T , is im-
posed on the spinor field as
ψI(τ,x) = −ψI(τ + β,x) . (10)
It is convenient to transform the spinor field in the
Fourier domain as
ψI(τ,x) =
1√
V
∑
n,k
ei(ωnτ+k·x)ψ˜(n, k) . (11)
The anti-periodic boundary condition (10) leads the Mat-
subara frequencies to be ωn = (2n+ 1)pi β
−1 where n is
an integer. The Eqs. (8) and (11) together lead to
SβψI =
∑
n,k
¯˜
ψ β
[
/p− m¯I
]
ψ˜ , (12)
where m¯I = mIe
Φ, /p = γ0(−iωn+µI)+γk(kkeΦ). Using
the Dirac representation of the gamma matrices and the
result of Gaussian integral over the Grassmann variables
one gets
lnZψI = 2
∑
k
ln
(
1 + e−β(ω−µI)
)
, (13)
where ω = ω(k) = eΦ
√
k2 +m2I . Here here we have ig-
nored formally divergent zero-point energy and the anti-
particle contributions.
A degenerate star is characterized by the condi-
tion βµI  1. It allows one to approximate
(eβ(ω−µI) + 1)−1 ' Θ(µI − ω) − sgn(µI − ω)e−β|µI−ω|
where Θ(x) and sgn(x) are Theta and signum functions
respectively. Using this approximation, one can carry
out the summation over k label by converting it to an
integral to get
lnZψI =
βV e−3Φ
24pi2
[
2µIµ
3
Im − 3m¯2I µ¯2Im +
48µIµIm
β2
]
,
(14)
where µIm ≡
√
µ2I − m¯2I and µ¯2Im ≡ µIµIm −
m¯2I ln(
µI+µIm
m¯I
). In the limit Φ → 0, lnZψI reduces to
the standard flat spacetime form (see [9, 10]).
C. Equation of state
The number density of the Ith spinor can be computed
using nI = (βV )
−1(∂ lnZBag/∂µI) as
nI =
µ3Ime
−3Φ
3pi2
[
1 +
6
(βµIm)2
(
1 +
µ2I
µ2Im
)]
, (15)
3where we have used the relations (∂µ¯2Im/∂µI) = 2µIm
and (∂µIm/∂µI) = (µI/µIm). For a grand canonical
ensemble, total pressure P = (βV )−1 lnZBag leads to
P =
∑
I
e−3Φ
24pi2
[
2µIµ
3
Im − 3m¯2I µ¯2Im +
48µIµIm
β2
]
− eΦB .
(16)
We may parameterized the baryon number density as n =
(nI/b¯I) with b¯I being the model-dependent parameters.
Given βµI  1 for a degenerate star, the temperature
corrections of O((βµI)−2) are very small and henceforth
ignored for simplicity. Then the Eq. (15) leads to
µIme
−Φ = mI(bIn)1/3 , µIe−Φ = mI
√
(bIn)2/3 + 1 ,
(17)
where the constant bI = 3pi
2b¯I/m
3
I . The pressure P can
be expressed in terms of baryon number density n as
P = eΦ
∑
I
m4I
24pi2
[√
(bIn)2/3 + 1
{
2(bIn)− 3(bIn)1/3
}
+ 3 ln
{
(bIn)
1/3 +
√
(bIn)2/3 + 1
}]
− eΦB . (18)
The energy density ρ within the box can be computed
using (ρ −∑I µInI)V = −(∂ lnZBag/∂β) and ignoring
temperature corrections as earlier, it leads to
ρ = −P + eΦ
∑
I
m4I
3pi2
√
(bIn)2/3 + 1 (bIn) . (19)
The key property of the curved EOS (18, 19) is its ex-
plicit dependence on Φ which follows from the metric
component gtt. Clearly, it is the gravitational time di-
lation effect which is experienced by the matter field in
a strong gravitational field and is missed in a derivation
using flat spacetime. We may emphasize that the EOS
is computed here in a small box located around r = r0.
However, r0 being arbitrary, the EOS can be considered
to be dependent on r. Subsequently, the TOV Eqs. (3)
can be solved numerically for a star of radius R subject to
the conditions e2Φ(R) = (1 − 2GM/R) with M =M(R)
and n(R) = 0 = ρ(R).
D. Enhanced mass limits
In contrast to the energy density in flat spacetime, say
ρ˜ = ρ˜(n), the energy density (19) is of the form ρ =
ρ(n,Φ) where dΦdr > 0 within a star except at the center.
It implies that ρ(r+ ∆r) > ρ˜(r+ ∆r) even if ρ(r) = ρ˜(r)
and ( ∂ρ∂n
dn
dr )|r = (
∂ρ˜
∂n
dn
dr )|r for positive ∆r. Secondly, the
TOV Eqs. (3) imply that a higher central energy density
leads to a faster fall-off in pressure which in turns leads
to a smaller radius of the star. Therefore, if one aims to
have two stars of same radius, one using curved EOS and
another using flat EOS, then the central energy density
for the curved EOS must be higher.
Let us consider two sets of solutions of the TOV equa-
tions, one using curved EOS denoted as {MC ,ΦC , nC}
and another using flat EOS denoted as {MF ,ΦF , nF }
such that nC(R) = 0 = nF (R) and ρ(R) = 0 = ρ˜(R).
The latter condition does not permit a non-zero B to
be present in lower densities. It then follows from the
arguments of the previous paragraph that energy densi-
ties satisfy ρ(nC ,ΦC) > ρ˜(nF ) for r < R. The masses
corresponding to the curved and flat EOS, say M and
M˜ respectively, then satisfy M > M˜ . For baryon num-
ber density n → 0, the Eqs. (3) implies dndr ∼ −n1/3 dΦdr
for both the cases whereas the energy densities vary as
ρ ∼ nCeΦC and ρ˜ ∼ nF . Therefore, in the limit r → R,
ρ > ρ˜ implies (dΦ
C
dr e
2ΦC/3)|R > (dΦ
F
dr )|R which together
with the TOV Eqs. (3) leads to
M > M˜
[
1 +
2GM˜
3R
− 80(GM˜)
3
81R3
+O
(
G4M˜4
R4
)]
. (20)
The mass inequality (20) implies that the usage of flat
EOS leads one to underestimate the masses of the degen-
erate stars (see the figures for quantitative comparison).
E. White dwarfs
The EOS for a white dwarf can be read off from Eq.
(18) by choosing the fermions to be the electrons, and by
setting B = 0, b¯I = Z/A where A, Z are the atomic mass
number and atomic number respectively. In the ultra-
relativistic limit, such an EOS reduces to the standard
polytropic form, up to the factor of eΦ, as
P ' e
Φ
12pi2
(
3pi2Z n
A
)4/3
. (21)
In white dwarfs, the nuclei have negligible motion. For
such a nucleus within the given box, the invariant action
Sn = −muA
∫ √−ds2 reduces to Sn = ∫ dt[−muAeΦ]
where mu is the atomic mass unit. The corresponding
Hamiltonian then implies that the energy density due to
the nuclei is nmue
Φ which needs to be included in total
energy density ρ. The numerically evaluated mass-radius
relations for the white dwarfs are plotted in the FIG. 1.
F. Neutron stars
The EOS for an ideal neutron star follows from the
Eqs. (18, 19), if one chooses the fermions to be the neu-
trons, and sets B = 0, b¯I = 1. The inclusion of gravi-
tational time dilation effect on the EOS, leads the mass
limit of an ideal neutron star to increase by ∼ 16.9%
which is significantly higher than the minimum increase
(∼ 7.5%) implied by the Eq. (20) (see FIG. 2).
For high density neutron stars, there are strong stabil-
ity arguments suggesting that the nuclear matter should
consist of hyperons i.e. baryons containing strange
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FIG. 2: The mass-radius relations for ideal neutron stars.
The maximum mass limit increases by ∼ 16.9%, from around
0.71M to 0.83M, due to the curved EOS.
quark. Unfortunately, such models stumble to explain
the observed high mass (& 2M) neutron stars [11–13].
This conundrum is referred to as the hyperon puzzle [14].
On the other hand, the Eq. (20) implies that ignoring
the effects of the curved spacetime on the EOS leads one
to grossly underestimate the mass limits of these com-
pact stars. For example, if a flat EOS leads the mass
limit to be, say, 1.5M with a radius of 10 Km then
the corresponding curved EOS would enhance the mass
limit by ∼ 13.7% at the minimum. The actual increase
could be much higher as in the case of ideal neutron star.
Clearly, the legitimate incorporation of the curved space-
time while deriving neutron star EOS significantly alle-
viates the hyperon puzzle without requiring any exotic
new physics.
In the quark matter models, the nuclear matter is
made up of up, down and strange quarks each hav-
ing 3 color degrees of freedom. Having more species
of fermions for a given baryon density, quark matters
lead to higher pressure and the higher mass limits. At
equilibrium, the masses of the up and down quarks are
negligible i.e. mu  µu, md  µd whereas strange
quark mass is small i.e. ms < µs. By consider-
ing the index I to run over these different types of
quarks, we can express the total pressure (16) as P '
eΦ
[
e−4Φ
(
µ4u + µ
4
d + µ
4
s − 3µ2sm¯2s
)
/4pi2 −B]. Based on
the equilibrium interactions, one can fix the relative
strength of different chemical potentials. The strange
star scenario [15] is obtained by choosing µ ≡ µu = µd ≈
µs along with b¯I = 1, as
P ' 3e
Φ
4pi2
{
a4(µe
−Φ)4 − a2(µe−Φ)2
}−BeΦ , (22)
where the parameters a4 = 1 and a2 = m
2
s. The
so-called color-flavor locked (CFL) phase scenario [16]
requires that these quarks have same number density
implying their respective chemical potentials to satisfy
µu = µd =
√
µ2s − m¯2s ≡ µ. The corresponding pres-
sure again can be expressed in the form (22) with a4 = 1
and a2 = m
2
s/3. As the condition ρ(R) = 0 cannot be
satisfied with non-zero bag constant B, the quark mat-
ter EOS must be stitched together with the appropriate
hadronic EOS in low density as done in the well known
equations of states such as by Akmal, Pandharipande,
and Ravenhall, [17], Togashi et al. [18], Baym et al. [19].
Nevertheless, even the quark matter EOS (22) depends
explicitly on the metric function Φ. We may mention
that inclusion quark interactions, perturbatively, would
simply alter the values of a2 and a4.
G. Curved EOS from flat EOS
Owing to uncertain theoretical understanding of the
nuclear matter, numerous neutron star EOS have been
studied in the literature. Invariably, these EOS are com-
puted in the flat spacetime. We now show that it is
possible to convert a flat EOS into its spherically sym-
metric curved spacetime counterpart. Firstly, within the
box one may define a new time coordinate t˜ = eΦt which
leads the metric (4) to become the standard Minkowski
metric ds2 = −dt˜2 +dX2 +dY 2 +dZ2. Let us denote the
equilibrium temperature and chemical potential, as seen
from the frame (t˜, X, Y, Z), to be T˜ = 1/(kBβ˜) and µ˜I
respectively. As seen from the frame (t,X, Y, Z), the in-
formation about T is contained within the anti-periodic
boundary condition (10) with period ∆τ = β. Now time
intervals of these two frames are related as ∆t˜ = eΦ∆t
which implies
β˜ = eΦβ . (23)
The chemical potential satisfies (kBβ)µI = −(∂S/∂NI)
where S is the entropy and NI is the particle number of
the Ith spinor in the box. At equilibrium, the entropy S
and particle number NI are not affected by a scaling of
the time coordinate which implies
µ˜I = e
−ΦµI . (24)
One can verify using the relations (23, 24) that the par-
tition function evaluated using standard Minkowski met-
ric, becomes the same as in the Eq. (7).
5III. DISCUSSIONS
To summarize, the clock speeds of two locally inertial
frames located at different radial coordinates within a
spherical star, differ due to the gravitational time dila-
tion effect. We have shown that ignoring such metric-
dependent time dilation effect on the EOS of neutron
stars, leads one to grossly underestimate their mass lim-
its. As a consequence, the so-called hyperon puzzle of the
neutron stars is naturally alleviated by simply incorpo-
rating the effects of the curved spacetime on their EOS.
Given the flat EOS are widely used in the neutron star
literature, the result presented here would imply signifi-
cant alterations of various existing predictions.
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